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$\bullet$ $(X, ||\cdot||x)$ : Banach. $\mathcal{P}(X)$ : $X$. $\mathcal{P}_{0}(X)$ : $X$. $K(X)$ : $X$. $K_{c}(X)$ : $X$. $K_{kc}(X):X$
$\bullet A,$ $B\in \mathcal{P}_{0}(X),$ $\lambda\in R$
$A+B :=\{x+y|x\in A, y\in B\}, \lambda A :=\{\lambda x|x\in A\}.$
$A,$ $B\in K_{kc}(X)$ $A+B\in K_{kc}(X)$
1864 2013 4-11 4
2.2. $x\in X,$ $A\in \mathcal{P}o(X)$ $d(x, A):= \inf\{||x-y||x:y\in A\}$. (Hausdorff )
$A,$ $B\in \mathcal{P}_{0}(X)$ $H(A, B)$ $:= \max\{\sup_{x\in A}d(x, B),\sup_{y\in B}d(y, A)\}$
. $A\in \mathcal{P}_{0}(X)$ $||A||_{K}$ $:= \sup\{||x||x : x\in A\}$
$(K_{kc}(X), H)$
2.3. $(\Omega, \mathcal{F}, P)$ :
$\circ\{\mathcal{F}_{n}, n\in N\}$ : $N:=\{0,1,2, \ldots\}$
$\bullet$ $F$ : $\Omegaarrow \mathcal{P}o(X)$ :
$\bullet$ $A\in \mathcal{P}(X)$ $F^{-1}(A)$ $:=\{\omega\in\Omega|F(\omega)\cap A\neq\emptyset\}$
(1) $F$ : $\Omegaarrow K(X)$ :
$\Leftrightarrow$ $C\in \mathcal{P}(X)$ $F^{-1}(C)\in \mathcal{F}.$
(2) $F$ : $\Omegaarrow K(X)$ : (( ) )
$\Leftrightarrow$ $O\in \mathcal{P}(X)$ $F^{-1}(O)\in \mathcal{F}.$
(1)
(2) $X$ $(\Omega, \mathcal{F}, P)$
$F$ : $\Omegaarrow K(X)$
(1) $f$ : $\Omegaarrow X$ : $F$ $\Leftrightarrow$ $\omega\in\Omega$ $f(\omega)\in F(\omega)$ .
(2) $f$ : $\Omegaarrow X$ : $F$
$=$ $P$ $\omega\in\Omega$ $f(\omega)\in F(\omega)$ .
Banach $X$ , $F:\Omegaarrow K(X)$ $F$
2.4
$\bullet$ $F$ : $\Omegaarrow K(X)$ $\mathcal{U}(\Omega, K(X))$. $F\in \mathcal{U}(\Omega, K(X))$ , $1\leq p\leq\infty$
$S_{F}^{p}:=\{f\in L^{p}(\Omega, \mathcal{F}, P;X)|f(\omega)\in F(\omega)P-a.e. \}$
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(1) $F\in \mathcal{U}(\Omega, K(X))$ : $\Leftrightarrow$ $S_{F}^{1}\neq\emptyset.$
(2) $F\in \mathcal{U}(\Omega, K(X))$ : $\Leftrightarrow$ $\int_{\Omega}||F(\omega)||_{K}dP<\infty.$
$\bullet$ $F$ : $\Omegaarrow K(X)$ $L^{1}(\Omega, K(X))$
$F\in \mathcal{U}(\Omega, K(X))$
(1) $F$ $F$




$E[F] := \int_{\Omega}FdP:=\{\int_{\Omega}fdP|f\in S_{F}^{1}\}$
(1) $(\Omega, \mathcal{F}, P)$ $F\in \mathcal{U}(\Omega, K(X))$ c$1E[F]$
(2) $X$ Banach $F\in L^{1}(\Omega, K_{c}(X))$ $E[F]$
(3) $X$ Banach $F\in L^{1}(\Omega, K_{kc}(X))$ $E[F]$
2.6 (Debreu )
Banach $(G, ||\cdot||c)$ $L^{1}(\Omega, K_{kc}(X))$ $L^{1}(\Omega, G)$
(Debreu )
(1) $\{A_{i}\}$ $\Omega$ $B_{i}\in K_{c}(X)$ $F( \omega):=\sum_{i=1}^{n}1_{A_{i}}(\omega)B_{i}\in L^{1}(\Omega, K_{c}(X))$
$(B) \int_{\Omega}FdP:=\sum_{i=1}^{n}P(A_{i})B_{i}$









$\sigma$ $\mathcal{G},$ $F\in \mathcal{U}(\Omega, K(X))(S_{F}^{1}\neq\emptyset)$
$S_{G}^{1}(\mathcal{G})=c1\{E[f|\mathcal{G}]|f\in S_{F}^{1}\}$
$G\in \mathcal{U}(\Omega, \mathcal{G}, P;K(X))$
$G\in \mathcal{U}(\Omega, \mathcal{G}, P;K(X))$ $\mathcal{G}$ $F$ $E[F|\mathcal{G}]$
(martingale)
$n\in N$ $X_{n}\in \mathcal{U}(\Omega, \mathcal{F}_{n}, P;K(X))(S_{X_{n}}^{1}\neq\emptyset)$
(1) $\{X_{n}, \mathcal{F}_{n}\}$ : martingale $\Leftrightarrow$ $E[X_{n+1}|\mathcal{F}_{n}]=X_{n}.$
(2) $\{X_{n}, \mathcal{F}_{n}\}$ : supermartingale $\Leftrightarrow$ $E[X_{n+1}|\mathcal{F}_{n}]\subseteq X_{n}.$
(3) $\{X_{n}, \mathcal{F}_{n}\}$ : submartingale $\Leftrightarrow$ $E[X_{n+1}|\mathcal{F}_{n}]\supseteq X_{n}.$
3
3.1. $N=\{0,1,2, \ldots\},$ $\overline{N}=N\cup\{\infty\}$. $(\Omega, \mathcal{F}, P)$ :. $\{\mathcal{F}_{n}, n\in N\}$ : $\mathcal{F}=\mathcal{F}_{\infty}=\sigma(\bigcup_{n\in N}\mathcal{F}_{n})$
$\bullet$ $C:=$ $\tau$ : $\Omegaarrow N$
$\bullet$
$\overline{C}:=$
$\tau$ : $\Omegaarrow$. $\{Z_{n}, n\in N\}$ : $\{\mathcal{F}_{n}\}$-
$E[Z_{\sigma}]=$ clco $\bigcup_{\mathcal{T}\in cE[Z_{\tau}|}$ $\sigma\in C$
3.2 (Krupa[17])
$\{Z_{n}, 0\leq n\leq p\}$ 3.1 ;
(i) $\sup_{n}\int_{\Omega}||Z_{n}(\omega)||_{K}dP<\infty.$
(ii) $\{E[Z_{\tau}|\mathcal{F}_{n}], \tau\in C,p\geq\tau\geq n\}$ upwards directed




$W_{p-m}:=\{\begin{array}{l}Z_{p}(m=0) ,clco (Z_{p-m}\cup E[W_{p-m+1}|\mathcal{F}_{p-m}])(1\leq m\leq p)\end{array}$
$\{W_{n}\}$ $Z_{n}\subseteq W_{n}(\forall n)$ supermartingale
(2) $\sigma:=\min\{n|0\leq n\leq p, W_{n}=Z_{n}\}$
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3.3 (Krupa[17])
$\{Z_{n}, n\in N\}$ 3.1 ;
(i) $Z_{n}\subseteq Y(\forall n)$ $Y$
(ii) $\{E[Z_{\tau}|\mathcal{F}_{n}], \tau\in C, \tau\geq n\}$ upwards directed
(1) $W_{n}$ $:=essc1_{CO_{\mathcal{T}\in C,\tau\geq n}}E[Z_{\tau}|\mathcal{F}_{n}]$
$W_{n}=clco(Z_{n}\cup E[W_{n+1}|\mathcal{F}_{n}])$
$\{W_{n}\}$ $Z_{n}\subseteq W_{n}(\forall n)$ supermartingale
(2) $E[Z_{\sigma}]=clcoU_{\tau\in C}E[Z_{\tau}]$ $\sigma\in C$
$\tau_{0}:=\{\begin{array}{l}\inf\{n|Z_{n}=W_{n}\},\infty (W_{n}\backslash Z_{n}\neq\emptyset, \forall n)\end{array}$
3.2 3.3 upwards directed





(1) $K_{kc}(X)$ $+$ $(K_{kc}(X), +)$
(2) $A,$ $B,$ $C\in K_{kc}(X)$ $A+C=B+C$ $A=B$






$H(A+C, B+C)=H(A, B)$ ,








(1) $(A, B),$ $(C, D)\in K_{kc}(X)\cross K_{kc}(X)$ $A+D=B+C$
$(A, B)\sim(C, D)$ $[A, B]$ $(A, B)$
$G:=\{[A, B]|A, B\in K_{kc}(X)\}$
(2) $[A, B]+[C, D]:=[A+C, B+D]$ $+$
$P\in K_{kc}(X)$
$\varphi(A);=[A+P, P]$
(3) $\varphi(K_{k}$ $(X))$ $G$ $[\{0\}, \{0\}]$
(4) span$(\varphi(K_{kc}(X)))=G.$
(5) $K_{kc}(X)$ $\leq$ $A\leq B\Leftrightarrow A\subseteq B$
(6) $G$ $\leq$ $[A, B]\leq[C, D]\Leftrightarrow A+D\subseteq B+C$
(7) $\varphi(A)\leq\varphi(B)\Leftrightarrow A\subseteq B.$
( [20])
$X$ Banach $(G, ||\cdot||_{G})$
4.2
(Edgar, Millet, Sucheston[7])
(i) $(B, || ||_{B}),$ $\leq$ Banach lattice
(ii) $\xi,$ $\eta\in B^{+},$ $\xi<\eta$ $||\xi||_{B}<||\eta||_{B}$
(iii) $\mathcal{F}$
(iv) $\{Y_{n}, n\in N\}$ $B^{+}$- $\{\mathcal{F}_{n}\}$-
$( v)\int_{\Omega}su||Y_{n}(\omega)||_{B}dP<\infty n\in^{\frac{p}{N}}.$
(vi) $||\cdot||_{B}$ $\lim_{narrow\infty}Y_{n}=Y_{\infty}(P-ae)$
$\sigma\in\overline{C}$ $\tau\in\overline{C}$ $E[Y_{\sigma}]\leq E[Y_{\tau}]$ $E[Y_{\sigma}]=E[Y_{\tau}]$
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4.3





(ii) $(\Omega, \mathcal{F}, P)$
(iii) $\mathcal{F}$
(iv) $B$ $G$ $\leq$ Banach lattice
(v) $\xi,$ $\eta\in B^{+},$ $\xi<\eta$ $||\xi||_{B}<||\eta||_{B}$
(vi) $\{Z_{n}, n\in N\}$ : $K_{kc}(X)$- $\{\mathcal{F}_{n}\}$-
(vii) Hausdorff $H$ $\lim_{narrow\infty}Z_{n}=Z_{\infty}(P-a.e.)$ $Z_{\infty}\in K_{kc}(X)$
$( viii)\int_{\Omega}su||Z_{n}(\omega)||_{K}dP<\infty n\in^{\frac{p}{N}}.$
(ix) $\varphi(Z_{n}(\omega))\in B^{+}(\forall n\in\overline{N})$ .
$\sigma\in\overline{C}$ $\tau\in\overline{C}$ $E[Z_{\sigma}]\subseteq E[Z_{\tau}]$ $E[Z_{\sigma}]=E[Z_{\tau}]$
References
[1] : (2000).
[2] Aubin, J.- $P$., Frankowska, H.: Set-valued analysis. Birkh\"auser Boson. (1990).
[3] Aumann, R. $J$ .: Integrals of set-valued functions. J. Math. Anal. Appl., 12, pp.1-12
(1965).
[4] Byme, C. $L$ .: Remarks on the set-valued integrals of Debreu and Aumann. J. Math. Anal.
Appl., 62, pp.243-246 (1978).
[5] Castaing, C., Valadier, M.: Convex analysis and measurable multifunctions. Springer-
Verlag, Berlin. (1977).
[6] Debreu, G.: Integration of correspondences.. Proc.Fifth Berkeley Symposium Math.
Stat. and Probab. II, Part I, Univ. Cahf. Press, pp.351-372 (1966).
[7] Edgar, G. $A$ ., Millet, A., Sucheston, L.: On compactness and optimality of stopping
times. Martingale theory in harmonic analysis and Banach spaces, LNM 939, Springer,
pp.36-61 (1981).
10
[8] Furukawa, N.: Characterization of optimal polices in vector-valued Markovian decision
processes.. Math. Oper. ${\rm Res}.,$ $5$ , pp.271-279 (1980).
[9] Hening, M. $I$ .: Vector-valued dynamic programming. SIAM J. Control Optim., 21,
pp.490-499 (1983).
[10] Hening, M. $I$ .: The principle of optimality in dynamic programming with returns in
partially ordered sets. Math. Oper. ${\rm Res}.,$ $10$ , pp.462-470 (1985).
[11] Hiai, F.: Convergence of conditional expectations and strong laws of large numbers for
multivalued random variables. hans.Amer.Math.Soc., 291, pp.613-627 (1985).
[12] Hiai, F., Umegaki, H.: Integrals, conditional expectations, and martingales of multivalued
functions. J. Multivariate Anal., 7, pp.149-182 (1977).
[13] Hu, S., Papageorgiou, N. $S$ .: Handbook of multivalued analysis vol.I Theory. Kluwer
Academic Publisher. (1997).
[14] Hu, S., Papageorgiou, N. $S$ .: Handbook of multivalued analysis vol.II Applications. Kluwer
Academic Publisher. (2000).
[15] Kisielewicz, M., Michta, M., Motyl, J.: Set valued approach to stochastic control, part
I, Existence and regularity properties. Dynam. Systems Appl., 12, pp.405-432. (2003).
[16] Kisielewicz, M., Michta, M., Motyl, J.: Set valued approach to stochastic control, part
II, Viability and semimartingale issues. Dynam. Systems Appl., 12, pp.433-466. (2003).
[17] Krupa, G.: Snell’s optimization problem for sequences of convex compact valued random
sets. Probab. Math. Stat., 23, pp.77-91 (2003).
[18] Li, J., Li, S.: Ito type set-valued stochastic differential equation. J. Uncertain Systems,
3, pp.52-63 (2009).
[19] Li, S., Ogura, Y., Kreinovich, V.: Limit theorems and applications of set-valued and




[22] Molchanov, I.: Theory of random sets. Springer. (2005).
[23] Radstr\"om,H.: An embedding theorem for spaces of convex sets. Proc. Amer. Math.Soc.,
3, pp.165-169 (1952).
[24] Zhang, J., Li, S., Mitoma, I., Okazaki, Y.: On the solution of set-valued stochastic
differential equations in $M$-type 2 Banach spaces. Tohoku Math. $J$ . 61, 3, pp.417-440
(2009).
11
